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INTRODUCTION

The splines to be investigated are defined on (—oc0, c0) with uniformly
spaced nodes at the points x; = jh (j = 0, 41,...), % being a positive number.
These splines have been considered recently, [1], [2], [3], particularly for the
case £ = 1. A number of years earlier, they were also investigated in [4]. In
[2], [3], existence as well as a number of optimal properties with respect to
various norms are established. The present paper proceeds, however, along
the lines of [1] and extends the results obtained there for cubic splines to
polynomial splines of odd degree. Convergence properties, as A tends to zero,
are also investigated.

If the spline in question is of degree n, where n is odd, then with relatively
mild restrictions on a set of real numbers {f;}(j == 0, 4-1,...), it is shown that
there is a unique spline, S;(x), with the interpolation property

Sk =1 (=0, £1,.) 0y

whose (n — 1)th derivative is bounded. It is essentially this result that is
utilized to establish the indicated convergence properties. Moreover, certain
“damping” properties are established that point up the “local” character of
spline approximations and are also useful in analyzing convergence. Due to
the absence of diagonal dominance in the significant matrix, the methods of
[1] do not generalize. The circulant nature of the matrix permits, however, an
application of the theory of doubly-infinite Toeplitz matrices to fill this gap.

* This work was supported by the Office of Naval Research Contract Nonr 562(36)
with Brown University.
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POLYNOMIAL SPLINES ON THE REAL LINE 399
FUNDAMENTAL EQUATIONS

If S,(x) is a spline of the type under investigation, of degree n, where n is
odd, let 7 = (n — 1)/2. Then, as in [5], we can establish that

(= DISiXi gy Xegal = Y Com) SV (xi4), @
j=—h
where the coefficients C,;(n) are the same as those arising in the periodic case
for a spline of the same degree and uniformly-spaced nodes. We shall later
consider these coefficients in greater detail. Let M; = S\"(x,). Then for
X1 < x < x; we have

S;(,n_l)(x) = M; .(x__hx_’i}) + M, ('XJT—'X) R (3)
S;L")(X) _ ]_u%juf—l_ . )

Now, let
o) = 5 Mo Mo ®

Then there exists a polynomial, P,_,(x), of degree n — 1 such that
Su(x) = Qo(x) + Pr_y(x), Xo X < X (6)
Furthermore, if

0,(x) = = *n!xa')" [Mjﬂh— M; M, "hMi—l]’ %)

then, for j > 0,

Su(x) = Qo(x) + O1(x) + -+ + Qi(x) + Po_y(x),
X <X < Xy © @)

In a similar fashion we can represent S,(x) for x < 0,

Suppose that f; (j = 0, 4-1,...) are given and for any even integer S let
4%f; be the B-th central difference formed from the f; and centered at f; . In (2)
replace (n — 1)! Sulx;_5,..., x; 5] by (4" Y)/A"~! with the result

Pt inl Anfy = ) Cin) My, 29

j=—1
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Also assume for the moment that we can solve the resulting system of equa-
tions for M(j = 0, 41,...). Using these quantities, form Qy(x), Q;(x),... and
their counterparts for x << 0. Finally, determine the coefficients of P,_,(x) so
that S,(x) will interpolate to f; at x,(j = 0, 1,..., n — 1). If, for every integer
j, we let f; = Sy(x,), then f; = f(j = 0, 1,...,n — 1). To show that f; = f;
for every j, observe that the quantities M satisfy equations (2'), with 47-1f,
in place of 4"1f; . It follows that there exists a polynomial P(x) of degree
n — 2 such that

fi—fi=Px) (=0, £1.). ®)

However, since P(x;) =0 for j =0, 1,...,n — 1, it follows that P(x) is
identically zero. Thus, f; = f; for every j. Consequently, if for a given set
f{j =0, £1,...) the quantities M, are determinable, then S,(x) is uniquely
determined.

We must now show, however, that the last hypothesis is actually fulfilled,
i.e., if (for instance) the quantities A+ 4"-1f; are bounded they uniquely
determine the quantities M; . We shall do more than this; indeed we shall
show that the doubly-infinite circulant matrix

wCam) Cn) Cin)  Cym) Cym) -
Cn) = - Cun) Cam Cn) Cyn) Cyn) - ®
rCy(n) C_y(m) C4(n) Cy(n) Cy(n) -+

has an inverse which is bounded in the row-max norm.

Hille Polynomials. Hille, [6], introduced a family of polynomials, P,(z, a),
while investigating holomorphy-preserving transformations. The special
case where a = 1 has already proved useful in spline theory, [7]; we shall
make further use of them presently.

For a = 1, these polynomials are defined by

n—1
P,,,(Z, l) =2z Z ankzka (10)
k=0
where the coefficients a,,; satisfy the recursion relations
Ao = Qpy,0 = = =Gy = 1,
Ay =Kk + D)@y + @ — k) an1,51 (k=12,.,n—2), (11)

Ann-1 = Qn_1,n-2-
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It follows from these relations that

Anr = Ap,p—k-1 - (12)

In tabular form, we have for the initial part of the array:

TABLE 1

Spline Coefficients

k
. 0 1 2 3 4 5 6
1 1 1
2 1 1
3 1 4 1
4 1 11 11 1
5 1 26 66 26 1
6 1 57 302 302 57 1
7 1 120 1191 2416 1191 120 1

As a consequence of (12), the zeros of P,(z, 1) occur in reciprocal pairs,
with the exception of 0 and —1. In [7] they are shown to be distinct, real and
non-positive. Moreover, for n odd, —1 is not a zero, but, for even #, it is.
These facts are sufficient for our purposes. It remains to relate these poly-
nomials of Hille to our current investigation of polynomial splines of odd
degree. The relation is that, for » odd,

Cln) = apapr (k| <7), (13)
Ci(m) =0 (I k1> n).

ToEPLITZ MATRICES

The circulant matrix C(#) in (9) is known as a doubly-infinite Toeplitz
matrix. In general, if

sO = 3 Cem =V, (14)

0O

then the matrix
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is denoted by T, . Thus, T, is completely determined by the Fourier coeffi-
cients of ¢ and vice versa. The following theorem can be found in [8] and is
essential to our analysis.

THEOREM. A necessary and sufficient condition that T, be invertible is that
1/¢ be essentially bounded. In this case we have

T = Tys - (15
In order to apply this theorem to the problem at hand, we substitute
z =¢%in
w(z) = z7%P,(z, 1) (16)
and denote the result by Q,(6). Thus, in view of (13),

0.8) = Y Culn) e, a7

k=—c0

Consequently, since P,(z, 1) has no zeros on the unit circle for » odd, we have
0.0 £0 —w<O0< 7 (13

It follows that 75! exists and the coefficients a; of this inverse matrix are
given by
dd (k=0,+1,.)), 19)

1 7 elAt+1)ifgiks
ay

T 27 ), T P

where P, () = P,(e?%, 1). These arguments establish the following

THEOREM 1. The matrix C(n) defined by (9) has an inverse whose defining
coefficients a{k = 0, +1,...) are square summable.

This theorem is not, however, entirely satisfactory for our purposes. We
would like to have not only

Z a,? << oo, (20)
k=-—
but also

e

Y la| < oo, @1

K=—o0

i.e., that the inverse matrix 7} is bounded in the row-max norm. We now
focus our attention on this problem.
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DAMPING PROPERTIES

As we have seen, Ta:, as a linear operator, is bounded in the Hilbert space
sense. In order to see that it is bounded with respect to the row-max norm,
we need the following well-known result.

THEOREM. If ¢(0) and its first p — 1 derivatives are continuous and the
p-th derivative is of bounded variation, the asymptotic behavior of the Fourier
coefficients, A , of $(x) is given by

1
Moreover,
1
S 14l =0(55) ko (23)

[%]> %,

To apply this theorem to our problem, observe that 1/¢(6), as a function
of 8 on [—m, 7], is analytic. Consequently, we have the following

THEOREM 2. The matrix Ty has an inverse which is bounded with respect
to the row-max norm. Furthermore, for every positive integer p, we have

a, = 0 (—ij) k — o, (24)

and

1
y |ak|=0(k0p), ko — c0. (25)

&>k

Although the theorem just established gives rather strong decay properties
for the coefficients g; determining T5:, as k — oo, it is not the best possible
result. It turns out that we can determine the coefficients a; explicitly and
make an even stronger assertion concerning their asymptotic behavior.
From (19) we have

a_k =

1 fn £ik0p7050i0 Jf)
27i J_, P(6)
(26)

1 Zh+#
- 2mi f[z]=]_ Pn(z9 1) dz.

It follows that a_;, is the sum of the residues of (z**#/P,(z, 1)) within | z | = 1.
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Let x; (j = 0, 1,..., 1) denote the zeros of P,(z, 1) within |z | = 1 and let
0 = xy > x, > - > —1. Since the function

Zh+
Pz, 1)

is the quotient of two holomorphic functions and since P,(z, 1) has only
simple zeros, the residue at z = x; (j = 0, 1,..., 1) is

Fz) = @7

k47
x;t

Py(x;, 1) °
Thus, in view of (12) and (13),

k+ﬁ lc+n

R xemnie Zp(x“)

(28)
and we are led to the following

THEOREM 3.  The coefficients a;, defining T;! are given by (28), and
a; = 0(] x; |I¥)

as | k| — oo.

UNIFORM CONVERGENCE

We have previously established that C(n)™! exists and is bounded with
respect to the row-max norm. Let

cay(n)  aln)  an)  axn) ay(n) -
Clnyt = | rayn) a,y(n) ayn) an) afn)--]. (29)
a_s(n) a_(m) a_y(n) ayn) an)--

.....................

Then there exists a constant M such that

00

Y lam <M. (30)

j=—
From (29) and (2") we have

© n-if .
M, =n!) a,-(n)—A—h—nﬁi. (€1))

=—0C
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It now follows that if f(x) has a bounded and continuous (# — 1)th deriva-
tive on (—oo, o) and f; = f(jh) (j = 0, --1,...), then

My=nl' am) foE), 32)

j=—w

where x;_; < & — Xx;.; . Moreover, due to the circulant nature of (29),

o«

| M — M| < Y ladm)l | fr 0 (Ema) — fO )]

R

(33)
< Mo(f" (11— k| + nh),

where w(g; 8) is the modulus of continuity of g(x). Now, in [6] it is shown
that

Y. Cim) = nl; (34)
hence, from (2") we obtain
Amf 17
M= —+ 5 X C)M: — M.yy), (35)
S —
so that
| M; — f=D()] < Ma(f™; (1 -+ n) h). (36)

Thus, from (35), the linearity of S,»~?(x), and the triangle inequality, we
obtain the following

THEOREM 4. Let f(x) have a bounded and continuous (n — 1)th derivative
on (— o0, ). Then

Sx) — f0() (37)
uniformly, as h — 0, and
| S0 — FUD00)] = Ofel £ Bkl (38)
where Sy(x) is the spline of interpolation to f(x) at the nodes

Xy :jh(] = 09 :tl:"')'

Using Rolle’s theorem and simple quadratures repeatedly, we obtain the

640/3/4-5
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COROLLARY. Under the conditions of Theorem 4,
Sx) — fx) = O(A"~w(f "V, nh)) (39

fora=0,1,...,n—1.

Suppose now that f")(x), as well, is bounded and continuous on (— o0, ).
Then, letting N; = S{”(x) for x;_; < x < x; and using (4), we obtain by
differencing (2') for consecutive values of the index 7 and dividing by 4 (we let
this process define 47f):

AL S ) N (40)

j=—n

Consequently, we can repeat the proof of Theorem 4 virtually unaltered and
obtain

THEOREM 5. Let f(x) have a bounded and continuous n-th derivative on
(—o0, ). Then

S(x) — f(x) (A1)

uniformly, as h — 0.
We also have

COROLLARY 1. Under the conditions of Theorem 5,
| Si(x) — fOx)| = O(h"=w(f™; (3n + Dh) 42)

fora =0, 1,...,n
If f™(x) is absolutely continuous, we have

w(f™; 8) = [ﬁ‘;}%a J;Vf(n+1)(t) dt |, (43)

from which the following corollary is evident.

COROLLARY 2. Under the conditions of Theorem 5 and the additional
assumption that f "+)(x) is bounded and continuous,

S(x) — f(—x) = O(h"1~) (44

fora =0, 1,..., n.
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LocAL CONVERGENCE

We now consider the local behavior of spline approximations. Let

wi(g;8) = sup . |8(x) —&(); (45)
so that w,(g, ) is a local modulus of continuity for g(x) depending only on
the behavior of g(x) in a d-neighborhood of x. Suppose that f*~1(x) exists
and is bounded on (— w0, o). Then

S}:“”(x,-) =M, = n! Z a (n) = Tt ar fk+J

o/ hn 1

—nl Y @) fr V) (46)

f=—0

@

= n! i a () f" ) +nl Y amfFVE,,) — Fm )],

k=—o k=00
where x, — 1 < & < x;, -+ A. From (34) it follows that

Y, an) = % ; 47)

k=00

consequently,

a

M; =@ 0(x) +n! ¥ a@Uf " V() — D)) 48)

f=—00

But,

=]

Y @l ") — 0G|

k=—w

N

< Y la® op(f" (N 4+ mh) + 21 f" V). ¥ |adm)], (49

k=N |k[>N

where
lglle = sup | g(x)l. (50)

From (48), (49) and the linearity of S}~ (x) between nodes, we are led to the
following
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THEOREM 6. Let f(x) have a bounded (n — 1)-th derivative on (— o, o0)
and let w,(f"V;8) —>0as &~ 0. Then

e B ©) (s1)

as h— 0, and

| S¢=1(x) — Fr-D(x)| < fN | @)l @, (f 05 (n + Nk

7

+ 21" Vs 3 ax®)l. (52)
k>N
Observe that since | a;, | = 0(rE), as k — oo, the second term converges to

zero rapidly as N — oo, and for a fixed N, the second term converges to
zero as h— 0. If we let N > |In /|, then the first assertion follows. We
also have the

COROLLARY. Under the conditions of Theorem 6,
| SP(x) — fOX) < A7 | Spi(x)— f ()| (53)
fora=0,1,..,n—1.

As before, if f)(x) exists and is bounded on (—o0, o©), we obtain the
following results,

THEOREM 7. Let f(x) have a bounded n-th derivative on (— o, o) and let
w(f™;8)—0as d—0. Then

SiM(x) — f "(x) (54
as h— 0, and
N
[ S(x) — fx) < Y | am) o (f™; (n+ N+ 1h)
k=—N
+2[f "M Y |a®)l. (55)
k>N

COROLLARY. Under the conditions of theorem 7,
| S00) — f@(x)] < A | SpH(x) — fo(x)] (56)

SJora =0,1,..,n
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If £+ exists and is bounded in a neighborhood of x, we can replace (56)
by

N
(), — flo) n+l—a {(n+1)
[SP0) = fO@N S sup | TN T La)
+ 21| [ | Y | ax(n)| (59
k>N
fora =0, 1,...,n
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